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Abstract. The q-deformed version of the Drinfeld-Sokolov reduction is ex- 
tended to the case of the algebra of 'complex size matrices'; this construction 
generalizes earlier results of B.Khesin and F.Malikov on universal DS reduc- 
tion and follows the pattern of recent studies of q-deformed DS reduction which 
were started by E.Frenkel, N.Reshetikhin and one of the authors. 



1. Introduction 

It is well-known that the space of scalar n-th order differential operators 
has a remarkable quadratic Poisson structure, called the (second) Adler-Gelfand- 
Dickey bracket |^. This structure admits several different realizations. The 
first one, known as the Drinfeld-Sokolov reduction p[, shows that the Gelfand- 
Dickey bracket can be obtained via Hamiltonian reduction from a linear Poisson 
bracket on the space of matrix first order differential operators which is consid- 
ered as the dual space of the affine algebra s[„. This construction has a natural 
generalization to the case of an arbitrary semisimple Lie algebra q, the corre- 
sponding Poisson algebra W(g) of functionals on reduced space is called the 
classical W-algebra (associated with q). 

The second realization is based on the study of the Lie group of integral opera- 
tors (more precisely, of some its extension, see [|10])- This group comes equipped 
with the natural Sklyanin bracket which endows it with the structure of a Poisson- 
Lie group, and the second Gelfand-Dickey bracket is identified with the restriction 
of this bracket to the subvariety which is Poisson in this case. 

This construction leads to a natural generalization of the Gelfand-Dickey bracket 
for the space of pseudodifferential symbols of any complex degree A 

Gx = {d^ + ui (x) d^-^ + ...}. 

At the same time, DS-reduction [Q] is defined only for A = n, G N, and only 
for the Poisson subspace C Gn- B.Khesin and F.Malikov in ||TT| proposed 
a counterpart of the DS-reduction which applies to all pseudodifferential sym- 
bols of complex degree. To describe their construction (called the universal DS- 
reduction) let us recall the definition of the algebras g[;^ of complex size matrices. 
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The definition of "complex size matrices" was proposed by B.Feigin, wlio used 
tliem to compute tlie coliomology of tlie Lie algebra of differential operators, see 

i- 

Consider the universal enveloping algebra U (s[2); it has the well-known Casimir 
element C = ef + fe + \h?, where e, f,h — standard basis of 512. By definition, 

0[, = ^(5[2)/|c = ^(A-l)(A + l) 

For positive integer X = n the algebra gl^^ contains a large ideal, and the quotient 
algebra is isomorphic to 0[„, which explains the name "algebra of complex size 
matrices" . 

More precisely, to perform the universal DS-reduction we need not the algebra 
gi^ itself, but some its completion gi^^. B.Khesin and F.Malikov [|ll[] proved that 
the Gelfand-Dickey bracket on Gx can be obtained by reduction from a linear 
bracket on the dual of the affine Lie algebras corresponding to gl^- (This was 
conjectured earlier by B.Feigin and C.Roger). 

The third realization of Gelfand-Dickey brackets is based on the study of the 

center of the quantized enveloping algebra Uq ^s[„j at the critical value of the 

central charge, see We shall not consider it here, although it is this realization 
which was generalized for the first time to q-difference setting and allowed to 
construct the q-deformed W-algebras (see [^). 

A q-difference version of the DS reduction was defined in [Q] for the 3(2 case and 
generalized to the case of arbitrary semisimple algebra in |T^. The consistency 



conditions for this reduction lead to a new class of elliptic r-matrices which are 
fixed by these conditions in an essentially unique way (one for each semisimple 
Lie algebra). 

The q-difference counterpart of the second construction of the Gelfand-Dickey 
brackets was proposed in ||T^. It is based on the study of the group of q- 



pseudodifference symbols of arbitrary complex degrees 

G_ = U Ga, Ga = {L = + m (z) D^-^ + ■■■}, 

AGC 

where D is the dilation operator, {Df){z) = f{qz). It was shown that in a 
natural class of r-matrix Poisson brackets on Ga there exists a unique one with 
respect to which formal spectral invariants Hn{L) = ^TrL? are in involution. 
(These spectral invariants give rise to the generalized q-deformed KdV hierarchy 

r — 

^ = L described earlier in 0.) This bracket was called the generalized q- 

deformed Gelfand-Dickey structure. Similarly to the differential case, for positive 
integer X = n the subspace of q-difference operators of n-th order 

M„ = {L = + ui (z) + --- + uo{z)} 



Q-DEFORMED UNIVERSAL DS-REDUCTION 



3 



is Poisson. The Poisson algebra of the functionals on M„ coincides (up to the 
constraint uo{z) = 1) with the q-deformed W-algebra VVg(s[„), constructed in 
and i 0. 

In the present paper we generalize to the q-difference setting the procedure 



of the universal DS-reduction |Tl|. We define an algebra gig consisting of gl^- 
matrices of special form whose matrix elements are holomorphic functions of a 
complex variable t. (This algebra is an extension of the algebra g[, which was also 
constructed in [0). There exists a natural evaluation map i\ '■ gig ^ Qiooj which 
assigns to a matrix-function A G gig its value at an arbitrary fixed point t = X: 
A \—>- A{X). The image of this evaluation map is a subalgebra in gl^ which will be 
called (extended) algebra of complex size matrices (more precisely, of size A x A. 



In fact, we have a family of such algebras parametrized by a complex number 
A). Due to the infinite dimension of gl^, the definition of the corresponding loop 
algebras Lgl^ involves some peculiarities. 

Like in the sl„-case [l^, the reduction procedure consists of two steps: first, 
we impose constraints fixing a sub manifold C Lgl^ which is preserved by 
the q-deformed gauge action of the upper-triangular group and then we 

take the quotient over this group. We prove that the quotient Yg/LDT+ can be 

identified with the space Gx of q-pseudo difference symbols of degree A. 

Using a method similar to the one of p, [1^, we describe explicitly all r- matrix 
Poisson brackets on Lgl^ (in a wide natural class) which admit the q-deformed 
universal DS-reduction. At this point we encounter a new phenomenon. Recall, 
that in the 5[„-case the underlying classical r-matrix was related with the decom- 
position of the algebra Lsln into the sum of the subalgebras of upper-triangular, 
lower-triangular and diagonal matrices. Its diagonal part was given by the 
Cayley transformation of the operator -Dr„, the operator r„ acting by cyclic per- 
mutation of matrix elements. Obviously, in the g[g-case there exists no analogue 
of Tn- We shall see that it must be replaced by the shift operator s whose prop- 
erties are quite different. This causes some difficulties in the definition of the 
diagonal part of the r-matrix, which requires a regularization introducing some 
free parameters into the admissible r-matrix; the uniqueness is restored, however, 
if we demand the formal spectral invariants to be in involution, and the resulting 
quotient Poisson structure coincides precisely with the generalized q-deformed 
Gelfand-Dickey structure defined in |ll4| . 

This article has the following structure. In section 2 we recall in more details 



the finite-dimensional DS-reduction p, 0, as well as some results of and 



generalize them to the 0[„-case. Unlike the 5[„-case, we obtain a family of Poisson 
structures admitting reduction; however, only one of them gives rise to a quotient 
bracket satisfying the involutivity condition. This result is a finite-dimensional 
analogue of the uniqueness theorem for and will be used to prove the latter. 



In section 3 we construct algebras gl^, gig and their loop algebras. Section 
4 is devoted to the cross-section theorem which gives a model of the quotient 
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Yg/L*yt+. In section 5 we describe explicitly all r-matrix Poisson brackets on 
LqI^, which admit the q-deformed universal DS-reduction. Section 6 is devoted 
to the uniqueness theorem. 

Throughout the article we shall use the following notation. We fix a complex 
number q, \q\ < 1. Let h be the dilation operator, 

ha{z)=a{qz), a e C {{z'^)) , q E C, \q\ < I. (1.1) 

We shall denote the same dilation operator by D when it is considered as a 
generator of the algebra of q-pseudodifference operators (see below). 
We fix the branch of \nw, w G C, by 

— TT < arg w < IT, In 1 = 0, 
and put q"^ = exp {w In q) . Arbitrary complex degrees of h are defined by 

^^a{z)= (h'"a^{z) = aiq'"z), G C, a E C {{z-^)) . (1.2) 
For a G C {{z^^)) , a = aiz\ we put 

J a{z)dz / z = Res a = ttQ] (1.3) 
clearly, this formal integral is dilation invariant, i.e., 

j a{z)dz/z = J a{qz)dz/z. (1.4) 

We introduce an /i-invariant inner product in C ((2;"^)) by 

f dz 

Mc = j -a{z)h{z). (1.5) 

Let a be a linear space with an inner product (■, ■) . We shall denote by ((■, ■)) 
the following inner product on a © a: 

(((a-O'(^)))^ 

2. The q-deformed DS-reduction in overview of the results 

P, [13, |ll] AND SOME generalizations. 

2.1. Reduction procedure and the choice of r-matrix. In this subsection 
we recall briefiy the procedure of DS-reduction and describe all the r-matrix 
Poisson brackets on 0[„ (in a wide natural class) which admit this reduction. 
Unlike the 5[„-case where this bracket is essentially unique (see |§ ^\), there 
exists a family of such brackets parametrized by a skew-symmetric operator in 
C {{z~^)) . This non-uniqueness does not lead to a new kind of deformed Gelfand- 
Dickey brackets, since, as we shall see in subsection 2.2, only one of the quotient 
Poisson structures satisfies the involutivity condition. 
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Wc fix the following notation. Let n+ (n) , n_ (n) , [)„ C 0[„ be the subalgebras 
of strictly upper triangular, strictly lower triangular and diagonal matrices, re- 
spectively, let b± (n) = n± (n) © [)„ be the subalgebras of upper (lower) triangular 
matrices with arbitrary diagonal elements; let N_|_ (n) C 0[„ be the unipotent 
group corresponding to n+ (n) . We shall denote by Lgl^, Ln± (n) , Lb± (n) , Li)^ 
LN_|_ (n) the corresponding loop algebras (group). 

We introduce an invariant inner product on Lgt^ by 

{A, B)^ j -TvA {z) B{z), A, Be LqI^. (2.1) 

We shall denote by M„ the space of scalar n-th order q-difference operators of 
the form 



L>" + «i(z)D"-i + --- + M„(z) 



u, 



GC ((.-)). 



(2.2) 



Now let us briefly recall the DS-reduction procedure. It is well known that a 
scalar q-difference equation of order n 



Lipo = 0, L e 
is equivalent to a first order matrix equation 



n-l 



where the potential L e LqI^ has a special form. The standard choice for L is 
given by a companion matrix: 

/ -Ml • • • -Un-l -Un \ 



L 



-Un-l 









(2.3) 



V ••• 1 / 

This choice is not unique; a linear change of variables 

^ ^ ^' = 5^, S e LN+ (n) 
induces a gauge transformation 

L , — ,U = ''Sl.S-K (2.4) 

Let us denote by Y„ C Lq[^ the subvariety of all matrices of the form L' = Kn+A, 
/I e Lb+ (n) , where 

/ ••• \ 

1 ■-. 



V 



(2.5) 



1 oy 



6 



A.L.PIROZERSKI AND M.A.SEMENOV-TIAN-SHANSKY 



It is easy to see that the gauge action ( p.4| ) of the group LN+ (n) preserves Y„. 
Theorem 2.1. [|, [T^ 

1. The gauge action o/LN_|_ (n) on Y„ is free. 

2. The set of companion matrices of the form l \2.!^ ) is a cross-section of this 
action, so the quotient Y„/LN_|_ (n) can be identified with M„. 

The quotient Y„/ LN_|_ (n) has a natural description in the framework of Poisson 
reduction proposed in P, p!7[|. 

First of all note that the set LqI^ of all matrix first order difference operators 
with potential of "general form" 

A = D - IL, L G LqI^, 

can be supplied with the structure of a Poisson manifold. Unlike the differential 
case, the choice of this structure is not quite unique . However, it may be fixed 
in a canonical way if we supply the gauge group with the structure of a Poisson 
Lie group and require the Poisson bracket on Ji4n to be covariant with respect 
to the gauge action; in other words, the map 

L GLn X L0[„ ^ Lq{^ ■ Li — > L' = ^^SLS^^ 

has to be a Poisson mapping [|r^. The Poisson bracket on is explicitly de- 
scribed in terms of the r-matrix f which fixes the Poisson structure on gauge group 

(this r-matrix must satisfy the natural invariance condition {h®h^r = f). We 

shall write down the corresponding formula a little later after we introduce some 
necessary notations (see ( ^.61 below). The reduction is actually performed with 
respect to a subgroup of the full gauge group; the natural consistency conditions 
are as follows: 

First, the invariants of the gauge action of LN+ (n) on LqI^ must form a 
Lie subalgebra X with respect to the Poisson bracket on Lq{^] (in that case 
the subgroup LN+ (n) is said to be an admissible subgroup of the full gauge 
group (regarded as a Poisson Lie group)). Second, the constraints defining the 
submanifold Y„ C must generate a Poisson ideal in X. 

The latter condition means that the Poisson brackets of the constraints vanish 
on the constraints surface Y„, i.e., the constraints are of the first class, according 
to Dirac. Both conditions impose restrictions on the choice of the initial r-matrix 
(which eventually allow to fix it completely). 

To describe the relevant Poisson brackets explicitly let us fix the following 
notation. 

By definition, a functional (p G FMn(Lg[„) is said to be smooth if for any 
L G Lq{^ there exists an element d(p (L) G Lq{^ called its linear gradient such 
that 

{d!^{V),X)=(^j^ <^(L + tX), VXgL0[„. 
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In applications, various functionals may be defined only on an afiine subspace 
of LqI^] in that case the choice of the gradient (when it exists) is not unique 
(however, a canonical choice is frequently possible). 

For a smooth functional (p we define its left and right gradients by (L) = 
hdip (L) and V'^ (L) = dip (L) L, respectively. 

Let f G End (LqI^) be a classical r-matrix. We assume that f is skew symmetric 
and satisfies the modified classical Yang-Baxter equation and, moreover, r oh = 
hof. Put f± = f ± ^id. The natural Poisson bracket on Lg[„ which is covariant 
with respect to gauge transformations is given by 



(see [|15|, where this formula is derived from the theory of the so called twisted 
Heisenberg double). In the present context we need to choose f, so as to assure 



the admissibility of LN+ (n). The admissibility criterion may be found in [15 
here we only describe the r-matrices which make LN_|_ (n) admissible. 

Let V+,V-Vo be the projection operators onto Ln+ (n) , Ln_ (n) , re- 
spectively. We denote by Vqo the orthogonal projection operator onto the one- 
dimensional subspace C ■ 1 C and put Vq = Vq — "Poo- 
Put 

r = ^(P+-P-)+r°Po, (2.7) 



n) 1 



^0 _ _ /^o^ 



where G End (Lf) 

It may be shown that with this choice of f the gauge action of LN+ (n) is 
admissible. 

The remaining freedom in choice of f may be (almost) eliminated when we 
impose our second condition. Namely, let f„ G End (Lf)„) be the operator acting 
by the cyclic permutation of matrix elements: 

f„diag (/o, /i, . . . , fn-i) = diag (/i, . . . , /n-i, /o) • (2.8) 

Let Un C Li)n be the subspace of matrices of the form 

[/„ = {diag (/o (z) , /o (q-'z) ,...,/„ (q-^'^-'h)) , /o G C {{z-')) } . 

(2.9) 



Theorem 2.2. The Poisson bracket of the form ( \2.(^ admits the q-deformed 
DS-reduction if and only if the corresponding operator f° has the form: 



ll + hfr, 
2 1 - 



V'r, + AVur. + 



a — a 



(2.10) 
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where Vu„ is the orthogonal projection operator onto Un, ^ is a skew symmetric 
operator in Un and a is a linear operator of the form 

= (/,«)■! cLf)„, aeU^. (2.11) 

Remark 2.1. The operator 1 — hfn is not invertible in Li)n- It is easy to see that 
Ker ^1 — hfn^ = C ■ 1, Im ^1 — hfn^ = Lt)'^, where 

Li)'^ = Li)^e{C■l} = V',{U)r^). (2.12) 

Hence we may define a regularized inverse operator ^1 — hfn^ : Li)'^ — > Li)'^. In 



( ^■lOj ) Vq is the projection operator onto Li)'^, so this expression is well-defined. 



Remark 2.2. The bracket constructed in p, [T^ corresponds to 

rln - I't^K (2.13) 

Proof. Denote by Vn C the space of matrices of the form: 

K = {diag(0,*,... ,*)}. 

Lemma 2.3. Condition 2) above is equivalent to the following equation for : 
f°(l-/if„)/ = ^(l + k„) / + «(/), V/gK, (2.14) 
where a is a linear operator in L\)n with Ima C C • 1 C Lf)„. 



We omit the proof, since it is similar to the proof of proposition |5.1| below. 
Let us define the following subspaces in Lf)„: 

It is easy to see that 

Li)n = Un® ImVn = C ■ 1 ® U'^ ® luiVn. (2.16) 

The following lemma finishes our arguments: 



Lemma 2.4. Any skew- symmetric operator f° G EndH)n satisfying i\2. 1^ ) has 
the form \2.1(\ ). 



Put V = — fg It is evident that f^,^ satisfies (|2.14|) with (5 = (because 
C ■ 1 ± ImV"„), hence V satisfies 

a(/)=p(l-k„)/, V/eK. (2.17) 
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We put a = a yl — hinj and rewrite ( |2.17| ) as 

{V-a)f = 0, V/elmK. (2.18) 

The operator a is defined only on the subspace ImVn ~ (ImV^)* , hence it can be 
written in the form a = (■, a) ■ 1 with some a G ImV„ = U^. 

Skew-symmetry of T> imphes that it has the following block form with respect 
to the orthogonal decomposition Lf)„ = C ■ 1 © f//j © Inil4: 

ImK 



C-l 







1 


K 


-P* 


a 


b 


ImVn 


-7 


-b* 


d 


(p. 181) implies 7 


= a, b = d = 


= 0. Put 




A = 


[-(3* a 


G End iUn) , 



a = —a" 
d= ~d* 



(2.19) 



then V = AVum + « — as desired. ■ 

Remark 2.3. It is easy to see that the term a — a* does not affect the value of 
the reduced bracket. 
Indeed, let us denote 



The bracket l\2. 



may be written as 



(2.20) 
(2.21) 



The formula ^2. 21\ ) implies that the contribution pa of the term a — a* into the 
bracket is given by 



Pa = {^a (Z^) , Z.^ 
since Tr Zj, = Tr Z, 



a (Z^) Tr Z^ 



a{Z^]TrZ 



0, 



^ — , — 0, due to invariance of the inner product. 
Below we always put a = 0. 



Now we calculate the f/„-block of the r-matrix Tq^. This auxiliary result will 
be used in section 6 to compute the quotient bracket obtained via DS-reduction 
from the algebra of complex size matrices. 



Theorem 2.5. 



n 1 + /i" 
2 1 - /i« 



(2.22) 



Proof. To calculate the l.h.s. we expand f,g with respect to the basis of 
eigenfunctions of the operator hfn. 
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Lemma 2.6. The eigenfunctions of the operator hfn are 

Em,a = z"'eo„ meZ, a = 0,...,n-l, (2.23) 

where 

e„ = diag (1,0;°,..., cj^""^)") , w = . (2.24) 
The corresponding eigenvalues ^rn,a are equal to 

= qV. (2.25) 

The eigenfunctions satisfy 

{Em,a, Ei,p) = nd^^.i ■ I otherTates] ^^"^^^ 

and form a basis in Li)n- 

We shall denote by Yl'ma pairs (m, a) ^ (0,0), m G Z, 

a; = 0,... ,n — 1. Note that in the expansion of / with respect to the eigenbasis 
Em,a the i?o,o-component is annihilated by Vq, hence 

Knfrg) = E -Y^^ {f,E.m,n-a) {9,E^,^) . (2.27) 

Any element of f/„ has the form / = diag (/ (z) , / {q~^z) , . . . , / (^q~^'"~^^ z)) ; we 
denote by fm the coefficient of the formal Laurent expansion of / (z) correspond- 

N{f) 

ing to z"^: f (z) = Yl /m^™"- It is easy to see that 

m=— oo 

1 ^~™"/ ,— on -| —mn 

^=o 1-g u; 1-g u; ^2.28) 

Substituting (|2.28| ) and a similar expression for {g, Em,a) into (|2.27|) we find: 

- 1 / 11-1- n'^i ;° 

2 1;:: ^ (1 - 9™'^") (2.29) 

In the sum above the terms corresponding to m = vanish due to the multiplier 

qmn 



Lemma 2.7. 

n-l 



£^n(l-g"^C^")=^'^ (l-qmnf ^ ^^.30) 
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© Note that 



hence 



1 + z 

Z :T = y^k'^z'', k| < 1, 

{l-zf ^ 



OO ^ 71—1 

fc=l ^ a=0 



But 



n—l 
\^ c 

^ n 

Q=0 



0, A; 7^ jn, j G Z, 

1, A; = jn, 



therefore 



Using the lemma we find from (|2.29|) : 



1+q 



mn ^2 



1 + /l" 
1 - /l" 



1 - Res) 



f,9 



Lt)„ 



as desired. 



2.2. Explicit formula for the quotient bracket. As mentioned above, the 
quotient Y„/LA^+ (n) can be identified with the space M„ of scalar q-difference 
operators of n-th order. To describe the quotient bracket we shall consider M„ 
as an affine subspace in the algebra \E'Dg of q-pseudo difference symbols. By 
definition, "^Dq consists of formal series of the form 

N(A) 

A= J2 a,eC{{z-')) (2.31) 

i=— OO 

with the commutation relation 



D-a = "a- D. 



(2.32) 
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As a linear space, is a direct sum of three subalgebras, 

r N{A) 

[ i=i J (2.33) 

Jo = C {{z-')) C (2.34) 

J_ = !^Ae "i/Bgl A = Y,ai{z)D-\ e C ((;2"^)) | . (2.35) 

Clearly, Jq normalizes J± and hence J(±) = J_|_ + Jq is also a subalgebra. Let 
P±,Po be the associated projection operators which project ^^D^ onto J±, Jo, 
respectively, parallel to the complement. Put P(±) — P± + Pq. For A e ^^Dg set 

A± = P±A,^ A(±) = P(±)A 

We define the residue of a q-pseudo difference operator A by 

Res^ = >lo = Pq^. 

It is easy to see that the formal trace defined by 

Tr A = J ResAdz/z (2.36) 

satisfies the natural condition 

Tr AB = Tr BA, A,B e ^D^. 

We introduce an inner product in by 

{A, B) = Tr AB, A, Be *D^. (2.37) 

Clearly, this inner product is invariant and non-degenerate and the subalgebras 
J± are isotropic; moreover, it sets J+ and J_ into duality, while Jq ~ Jg. 

We shall now define a class of Poisson brackets on ^D^. The natural algebra 
of observables Fun (^Dg) in the present case is generated by 'elementary' func- 
tionals which assign to a pseudodifference operator A the formal integrals of its 
coefficients, 

C/ (A) = Tr {z-^AD-') . 

As compared to the case of differential operators, the definition of a quadratic 
Poisson bracket in the difference case is not quite straightforward; the point is 
that the 'naive' bracket defined by analogy with the differential case is not com- 
patible with the natural normalization condition for difference operators (highest 
coefficient is set to one); an easy scrutiny shows that the source of the trouble 
lies in the Jo-component in the expansion 

= J+ + Jo + J_. 
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To avoid this difficulty we are bound to consider a more general class of quadratic 
Poisson bracket which mix together both left and right gradients of functions^]. 
(Recall that in the Gelfand-Dickey case left and right gradients are coupled only 
to the gradients of the same chirality.) 
For a smooth functional (p let us write 

Let us consider quadratic Poisson brackets on \E'Dg of the following form: 

{^M = {{[ "^tf' pf^P ]D^,Di,)), (2.38) 



cPo R + dPo 

where R = \ (-P+ — P-) and a, 6, c, d are linear operators acting in Jq satisfying 

a = —a* , d = —d*, c* = b. 

In other words, the bracket ( p. 3^ ) differs from the naive Gelfand-Dickey bracket 
by a 'perturbation term' which is acting only on the Jo-components of the gra- 
dients. This bracket satisfies the Jacobi identity for any choice of a, b, c, d. Note 
that different a, b, c, d may give rise to the same bracket. More precisely, we have 
the following 

Lemma 2.8. Let f,g,h,k be linear operators in Jq with images in the subspace 
of constants C • 1 C Jo- The r-matrices TZ and TZ' = TZ + Q where 



e 



define the same Poisson bracket. 



h-k* f + k* 
h + g* -g* + f 



Up to this ambiguity, the unique choice of the coefficients a, b, c, d is assured 
by the condition that the set of difference operators with normalized highest 
coefficient is a Poisson submanifold with respect to the Poisson structure (|2.38| ) 



and that, moreover, formal spectral invariants of difference operators give rise 
to Lax equations of standard commutator form. More precisely, we have the 



following theorem (see [[14 



Theorem 2.9. There exists a unique Poisson bracket of the form (\2. 3^ ) on ^E^D^ 
such that 

1) the affine subspace M„ is a Poisson submanifold; 

2) Formal spectral invariants = —TrL~, m G N,are in involution. 



^This class of Poisson brackets naturally arises in the theory of Poisson Lie groups, cf. |Tf 

i, [0- 
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This bracket is given by f\ 

Remark 2.4. It is easy to see that the involutivity condition (2) is equivalent to 
the following simple constraint: 

a + b = c + d. (2.40) 

The quotient bracket on the set of q-difference operators which is obtained via 
the q-DS reduction differs from the above formula by an additional term which 
reflects the remaining freedom in the choice of the classical r- matrix on Lg[„ 
which is compatible with the reduction; namely: 



Theorem 2.10. Let 



.0 11 + hfn 



rln = o—T^n + n^'Pu^. (2.41) 

where Vu„ is the orthogonal projection operator onto Un and A is a skew sym- 
metric operator in Un commuting with h. Let fA,n = | {,'P+ ~ 'P-) + rJ^o- 
The Poisson bracket {-, ■}^n ^d^n defined by 




rA,n -h (fA,i 




(2.42) 



gives rise via DS-reduction to the following bracket on M.^: 

(^^ + a) P' -(^ + a) k'P' 




(here we have identified EndUn and EndC{{z ^)). ) 

The remaining ambiguity in the choice of r-matrix may be removed if we impose 
the involutivity condition. 

Theorem 2.11. The only one of brackets {■, ■}^n "^hich gives rise to a Poisson 
bracket on M„ satisfying the involutivity condition (\2.4(\ ) is {■, -jon • 

Proof. In the class of the brackets ( ^.43| ) only the bracket {■, -j^ satisfies this 
condition. Indeed, (|2.40|) implies that A ^2 — /i" — h^'"^ = but the operator 
2 — /i" — /i"" is invertible.B 



For difference Lax equations on the lattice Poisson bracfcet 2.39 was also introduced in [[f3| 
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Proof of theorem For A = this theorem has been proved in |T^, hence 



we need to calculate only the contribution of the term nAVu„- Let iphe a. smooth 
functional on M„, the corresponding LN^ (?T,)-invariant functional on Lgl^. To 
fix their gradients we shall assume that 



n-l 



dif = J2fiD-\ f^eC{{z-')), (2.44) 



i=0 



and dip G Lb_ (n) . For L E M.„ let us denote by L G LqI^ the corresponding 
companion matrix. 

Let us denote by Ja [0,4') the contribution of nAVu„ to the bracket ( |2.42| ). 



From it follows that 

JA{0,i') = {nAVu„Zl,Zl), (2.45) 
where = VoZ^, = VoZ^. 
Lemma 2.12. We have 

Z% (L) = diag ( ""Po Vv9 (L) , 0, . . . , 0, -PqVV (^)) ■ (2.46) 

Lemma 2.13. The 'projection operator Vy ^ is given by 

Vu^ ■ diag (Fo (^) , • • • {z)) = diag (/o (z) , /o (g-^z) , . . . , /o (g-^""^)^)) , 

(2.47) 

^ n— 1 

/o(^) = -$^i^.(g^^). (2.48) 

j=0 

Using these lemmas we find 

Substituting this into (|2.45|) and taking into account the invariance of the inner 
product we obtain 

^^(^'«^(((i^„--ln)^-^^)>- 

But A is skew-symmetric, hence it annihilates the one-dimensional subspace C • 
1 C C {{z~^)) and we may replace Pq by Pq in ( 12.49] ). ■ 
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3. Algebras gig of complex size matrices and their loop algebras. 

In this section we construct an algebra gig consisting of gto^^-matrices whose 
matrix elements are holomorphic functions of special form. Then we define a 
trace functional on gi^ with values in the space Hoi (C) of holomorphic functions; 
it satisfies the natural condition Tr AB = Tr BA. 

For any fixed A G C the algebra gi^ C gi^ is the image of gig under the 
evaluation map A ^ A (A) . The functional Tr on g[ induces a C-valued trace 



on 0[ . This construction is a q-difference counterpart of the one described in |TT 



in particular, gig and gig are some extensions of the algebras 01,01^ considered 
there. At the end of this section we shall describe the loop algebras Lgig, Lgi^. 

3.1. ^o-functions. We shall describe a class C Hoi (C) of holomorphic func- 
tions we shall deal with throughout this article. 

By definition, is the algebra of functions of complex variable w generated 
by w,q'^,q~'^, where q"^ = exp(wlng). The elements of will be called Aq- 
functions. Evidently, the set of elements Cm,n = w'^q"''^, m G G Z, is a 

linear basis of Aq, i.e. any ^g-function / can be decomposed into a finite sum 
with respect to this basis: 



/(^)= XI fm,nCm,n, fm,n ^ C. (3.1) 
m+\n\<N{f) 

The minimal possible value of A^(/) in the sum (|3.1|) is called the degree of / 
and will be denoted by deg /. Note also that the set of subspaces CCm,n defines a 
Z+ X Z-grading on ^o- 

^o-functions satisfy two important properties which will be widely used below. 
The first one called interpolation property allows to reconstruct an ^g-functions 
from its values at sufficiently large integer points: 

Proposition 3.1. Let f E Aq and / (n) = for all sufficiently large integer n, 
then f (w) = 0. 

Hence if some relation for ^g-functions holds for sufficiently large integer values 
of w, it holds also for all w E C 
The second property is given by 

Proposition 3.2. For any Ao-function f and any I G Z there exists a unique Aq- 

n-l 

function F which interpolates the sum F {n) = J2 f (0 ^-^-j F (n) = F (n) , 

1=0 

n eN. 

It will play the key role in the definition of trace as well as in the proof of the 
cross-section theorem, see below. 
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We say that a function f{w, t) is an ^o-function of two complex variables w, t 
if it can be written as a finite sum 

N{f) 
i=l 

In other words, the space of ^-function of two variables is the algebraic tensor 
product Ao<^ Aq. 

Proposition 3.3. Let f{w,t) be an Ao-function of variable w for any fixed t 
and a Ao-function of variable t for any fixed w, then it is an Ao-function of two 
variables. 

3.2. Algebras gl^, gi^ and trace functional. Let a be an associative algebra. 
We define Ql^{ci) as the algebra of semi-infinite matrices A — {Aij e <^}ij=o i > 
such that Aij = Oiii— j>N (A) . For gi^ (C) we write simply Qi^. Note that 
if a is infinite dimensional, the algebra qI^ (a) is wider than the algebraic tensor 
product gt^o ® 

Definition 3.1. The algebra gig C gtoo (-^o) consists of gl^-matrices A{t) — 
{Aij it)} with coefficients in Ao satisfying the following conditions: 
There exists an integer N {A) such that 

1. = ifn<-N{A)- 

2. for any fixed n > —N (A) and any i > N (A) Ai^i^n {t) considered as 
a function of variables i,t can be interpolated by an Ao-function of two 
variables; 

3. For all integer m> N {A) and N {A) < i < m, j > m we have Aij (m) = 0. 

The minimal possible value of N{A) is called the regularity degree of A and 
will be denoted by regA 

In other words, condition 2 means that 

i) for any fixed t ^i,i+n {t) considered as a function of i can be interpolated by 
an ^-function; 

ii) the degree of {t) considered as an ^-function of t is uniformly bounded 
for all i. 

Condition 3 means that the matrix A (m) G gl^ has the form: 



A (m ) 



* 



* 



where the number of non-zero rows in the right upper block b does not exceed 
regy4 and hence is uniformly bounded for all m. 
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We define the following Z-grading on gl^: the set of elements of level n consists 
of matrices with only n-th non-zero diagonal, i.e. Ai^i^k [t) = if k ^ n. We will 
denote by A*^") the iS„-component of a matrix A G gt^. 

For any matrix A G iS^ we can assign a ^o-function of two variables. By 
definition of qI^, there exists an ^o-function / {w,t) which interpolates Ai^i+n (t) 
for all sufficiently large i: 

A.+nW = /(^,t), \ft>N{A), VtGC. 

We will denote it by A {w, t) . 

So, for A G gig its n-th diagonal A*^"^ G iS„ and A^'^^ iui,t) is the corresponding 
^o-function. For positive integer n these functions satisfy the following important 
property which ensures the invariance of the trace functional on qI^: 

Proposition 3.4. For any A G gig, n ^N, we have: 

+ = 0, V/ = l,...,n, VwgC. (3.2) 

Proof. By definition of gl^, Ai^i^n ("^) = if m > (A) , N (A) < i < m, and 
i + n > m, or, equivalently, if z = m — /, V/ = 1, . . . , n. But for any i > N {A) 
Ai,i+n (n^) coincides with its interpolating ^o-function. Hence A*^") (m — /, m) = 
for any integer m > N (A) +1, and therefore by proposition A^"^ {w — l,w) = 
for Ww G C, which is equivalent to (|3.2|) . ■ 

Now we shall define the trace functional on gl^. This construction is parallel to 
the one described by Khesin and Malikov in and goes back to J.Bernstein. 

Let us consider the sum 

n-l 

FA{n,t) = J2Aiit)- (3-3) 

i=0 

By proposition |3]^, there exists a unique ^o-function of two variables which 
coincides with Fa (n, t) for any sufficiently large integer n. We will denote it by 
(w,t) . By definition, 

{TrA){t)=BAit,t)eAo. (3.4) 

Proposition 3.5. 

TrAB = Tr BA. 

Proof. It is evident that Tr is consistent with the grading, i.e. for any elements 
A & Si, B E Sj the trace of their product vanishes unless i + j = 0. Hence it 
is sufficient to consider the case of A G 5^, -B G 5-^, G N. For all sufficiently 
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large n G N we have 

n-l 

3AB{n,t)-BBA{n,t) = Fab M - Fab M = ^ A{i,t)B{i + k,t) 

i=n—k 

k 

= J]A(n-j,t)E(n-j + A;,t). 
i=i 

All terms of this expression are ^o-functions of variable n, therefore, by the 
interpolation property, it holds for all complex values of n; in particular, for 
n = t we obtain 

k 

Tr AB -TrBA = Dab (t, t) - Dba (t, = ^ ^(^ - J, t)B{t - j + k, t). 

i=i 

But 74(t — J, t) = for J = 1, . . . , fc, by proposition pl^ . ■ 

We use the following notation: b+(b_) C gl^ is the subalgebra of upper (lower) 
triangular matrices, n+(n_) are the corresponding subalgebras of strictly trian- 
gular matrices and f) is the subalgebra of diagonal matrices. The set C gl^ 
of matrices of the form T = 1 + S, 5* G n+, is an infinite-dimensional Lie group 
with Lie algebra n+. 

Let us fix A G C and consider the evaluation map: 

: flloo (A) ^ fl^oo, A^A{X). (3.5) 

We shall use the following notation: for a subset K oi qI^ we denote by its 
image under the evaluation map (|3.5| ). 

Our main object, the algebra gl^ C qI^o is the image of the whole g[g. We define 
also its subalgebras b^, n^, f)'^ and the group Dl^. 

The algebra gl^ is Z-graded with respect to the set of its subspaces S^, n G Z. 

For any n G N g[„ is naturally embedded into gl^ as its left upper block: 

( t S ) ■ p «) 

For a matrix A G gl^ we denote this upper block by A\n- 

The ^o-valued trace functional on gl^ induces the ordinary C- valued trace on 
g[g: we must put t = A in (|3.4| ); it will be denoted by the same symbol. The 
restriction of Tr to g[„ C gig coincides with the standard matrix trace. The 
corresponding invariant inner product on g[^ is non-degenerate: indeed, a matrix 
which is orthogonal to the all g[„, n G N, is zero. 

3.3. Loop algebras Lq[^, Lq[^. Due to infinite dimension of g[q, g[^, an accurate 
definition of its loop algebras requires some work. The definitions below have the 
aim to ensure 
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(1) the existence of a generalized trace functional and of the corresponding 



invariant inner product on Lgl^, Lgl 



A. 



(2) the possibility to generalize the cross-section theorem to the cases of 
Lgl,, Lgi^,. 

Let a be an associative algebra; we shall denote by a{{z^^)) the space of 
formal Laurent series with coefficients in a. For A E a{{z^^)) we denote by A'*"' 
its Laurent coefficient corresponding to z"^. 

Let us consider the algebra gl^ {Ao{{z~^))) , i.e. the algebra of gl^^-matrices 
A whose matrix coefficients Aij{t,z) are formal Laurent series in z with co- 
efficients in For any m G Z Laurent coefficients A^J^\t) form a matrix 
= {A^^\t)} e g[oo(A)- Note that in general ^ o for all m G Z, 
however, for any fixed i,j there exists an integer N{A,i,j) such that A^J^\t) = 
if m > N{A, 



Definition 3.2. Loop algebra Lgl^ consists of matrices A G gl^ {Ao{{z~^))) sat- 
isfying the following conditions: 

(1) for any m G Z G 0L; 

(2) there exists an integer N [A] such that regA'™'! < [A] ; 

(3) for any n G Z there exists an integer N{A,n) such that v4|'^|„(t) = if 
m > N{A,n). 



The notion of regularity degree can be naturally generalized to the case of the 
loop algebra Lgl^, i.e., the regularity degree legA of a matrix A G Lgl^ is the 
minimal possible value of N (A) . 

We define the ^o((-2~^))-valued trace functional on Lgl^ by the same formula 
as above. In a similar way we may prove that the trace satisfies Tr AB = Tr BA. 

The diagonal grading [Si] , the evaluation map (|3r5|), the definitions of subal- 
gebras b^,n^, and the group have their natural counterparts in the case 
of Lg[^. For a subset K (Z gi^ [K^ C gl^) we shall denote by LK {LK^) the 
corresponding subset in Lgl^ {^Q^q) ■ 



4. Gauge orbits of the upper triangular group and the 

cross-section theorem. 

In this section we define the gauge action of the upper triangular group and de- 
scribe a cross-section of this action. We consider the case of gig, the corresponding 
assertion for gl^ may be obtained by application of the evaluation map. 
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Let us denote by C Lgl^ the affine subspace of matrices of the form C 
A + A, where A E Lh+ and 



A 



/ ... \ 
1 ... 
1 ... 



V : ; ••. ... / 

We define the gauge action of by 

Evidently, the space Yq is preserved by this action. 
Theorem 4.1. 



(4.1) 



(4.2) 



1. The gauge action of on Yg is free. 

2. The set of companion matrices, i.e. matrices of the form 

( Ui (t, Z) U2 (t, Z) U3 (t,z) ... \ 

1 ... 

1 ... 



\ 



Ui{t,z) e Ao{{z ^)), 



... / 



(4.3) 



is a cross-section of this action. 

Proof. Let T G be an element which converts C E Yg into a companion 

matrix C. The statements of the theorem mean that the equation 

^T-C = CT (4.4) 

has a unique solution. Let us write T, C, C in the form: 

C = k + ^C'^\ C = K + Y^C^\ T=l + ^T^j\ 

i>0 j>0 j>0 

where the superscripts denote as above the z-th diagonal component of the cor- 



responding matrices. Substituting this into ([4.4|) we obtain the following infinite 
sequence of equations: 



i=i ^ ^ ' ~(4.5) 

The i-th equation in this sequence is an equation for T^^^ and Ui. We must prove 
that: 

1) for alH G N the corresponding equation has an unique solution T(*) G LSi, 
Ui G Ao{{z'^))] 
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2) there exists an integer N (T) such that regT*^*^ < N{T) for all i E N. 

The last condition allows to combine all T^*) into a single matrix T G L^^, the 
regularity degree of T being equal or less than N (T) . We shall prove not only 
that N (T) exists, but also that we may put (T) = reg£. 

We shall prove assertion 1), 2) inductively. 

Let us rewrite the first equation of (|4.5| ) as follows: 

To,i {t, qz) = -Co,o (t, z) + ui {t, z) , 

The base of induction is the following 
Lemma 4.2. 

1) The equation ( U-^ ) has a unique solution T^-^'> E LSi, Ui E Ao{{z^^)). 

2) regT(^) < legC. 

© From (O) it follows that 



T^^n+i (t, z) = -Y, 1^^,^ {t^ q'-'^-'z) + Ml (t, . (4.7) 

i=0 

T^^^ E LSi implies that there exists a ^o-function T^^^ {w, t, z) which interpo- 
lates Tn^n+i (t, z) for sufficiently large integer n > Ni. 

T„,„+i(t,2) = r«(n,t,2). (4.8) 

By proposition 

(n,n + l,z) = 0. (4.9) 
Substituting (|]|) and (U) into we find 

n 

Mi(n + l,z) = ^A,, (n+l,g*z), > N^. (4.10) 

i=0 

There exists a unique function ui E Ao{{z^^)) satisfying ( [4.10|) . Indeed, de- 
veloping (|4.10|) in powers of z we obtain the following relation for the coefficients 
(t) E Ao: 

n 

z"^ : (n + 1) = ^ q". (n + 1) ■ g*™, Vn > A^i. (4.11) 

i=0 

By definition of regularity degree, for i > legC all coefficients £7i (^) can be 
interpolated by .Ao-functions of two variables i,t. Therefore, by proposition |3l2| , 
the whole sum in the r.h.s. of ([4.11|) also may be interpolated by a (unique) 
Ao-function for Vn > reg£, and we may put A^i = reg£. 

Once Ui is known, T^^^ is uniquely defined by the equation ( [4.7|) ; we can verify 
in the same way as above that regT*^^-* < reg£. ■ 

Assume now that the first / equations in (4^) have unique solutions T(^) E LSi, 
Ui E Ao i{z~^)) , z = 1, . . . , Z, and that regT^^) < reg£. 
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The [l + l)-th equation has the form: 

T„,„+i+i {t, qz) - Tn-i,n+i {t, z) = 6noUi+i - (t, z) , (4.12) 

where S is the Kronecker symbol and F^^^ E LSi is defined by 

i=i 

It is easy to see that legF^^^ < legC. 

The condition T^'+i) G 1 imposes / + 1 restrictions on T^'+^^i 

T('+^) (n, n + A;, ;z) = 0, A; = l, ..J + 1. (4.13) 

In the same way as above the equation ( [4.13| ), corresponding to = / + 1, uniquely 
defines the coefficient 

n 

ui+i {n + l + l,z) =Y^ {n + l + 1, q'z) , Vn > reg£. 

i=o ' (4.14) 

Then we find T^^^^^ from 

n 

i=o (4.15) 

]-eg_p(0 < reg£ implies that Tn,n+i+i can be interpolated by a ^o-function for 
n > regC. 

It remains to verify that the conditions ( |4.13|) for 1 < A; < / are also satisfied. 
Fix some k. Note that T^'"*"^^ (n,n + I + 1, z) = for any n > legC, therefore, 
from ( |4.12| ) we find: 

l+l-k 

T('+^) {n + l + l-k,n + l + l, q^+^-^z) = - ^ F^^) (n + z, n + Z + 1, q'-^z) . 

1=1 

All terms in the r.h.s. are zero; indeed, by construction, F^^^ G LSi and hence 
F^^\w, w + j, z) =0 for all w G C and for all j satisfying 1 < j < I. Put w = 
n + i,j + l + l — i; clearly, j lies in the prescribed range. So, T('+i) {n,n + k,z) =0 
for any n > legC + 1 + 1. The interpolation property gives 

(w,w + k,z) =0 

for any w E C But Tn^n+i+i {w, z) = T^^+^^ (n, w, z) , for all n > regC, w E C and 
hence Tn^n+i+i {n + k, z) = for any n > legC, as desired. ■ 

5. The choice of r-matrix. 



Let us fix A G C. Like in the finite-dimensional case in order to define the 
meralized DS-reduction 
the following conditions: 



generalized DS-reduction we need to find a Poisson bracket on Lgl^ satisfying 



1) the gauge action of LD^i is admissible 
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2) the Poisson bracket of any L9T^ -invariant function ip, ^\y^ = const, with 
arbitrary LDl^-invariant function vanishes on Y^. 

We shall use the notation similar to the one of the section 2: V+, V-,Vo are the 
projection operators onto Ln^, Ln^, Ll)'^, respectively; r = ^ {V+ — V-) + roPo, 
Tq G End {L^^) ; r± = r ± i. The invariant product on Lq[^ is defined by 



{A{z),B{z)) = j ^TrA{z)B 



As in the finite-dimensional case (see [15| and the discussion in section 2), it may 
be shown that the Poisson bracket of the form 

is invariant with respect to the gauge action, and that, moreover, the gauge action 
of LDl^ is admissible. We put = ^ Vi^ — V'l^, 2'^ = ^ + V'^ and rewrite 
(15.11) as follows: 



{^,^} = (z^,iZ^-rZ^). (5.2) 

Let us define s G EndLf)^ by 

sdiag (/o, /i, . . . ) = diag (/i, /2, . • • ) • (5.3) 



Proposition 5.1. Condition 2) above is equivalent to the following relation for 
ro: 

ro[l-hs)f = l{l + hs)f + aif), V/gA(L5i^), (5.4) 
where a {■) : i)^ ^ C ■ 1 G i)^ is a linear operator. 

Proof. Let (pjip be LDl^ -invariant functions, ip^y^ = const; it is easy to see 
that Zf, G Lb^ and for any £ G the gradient dip (C) G Ln'^, which implies 
that V"^, V'^, Z^ G Lb^ on Y^. Taking into account that Ln^ is isotropic and 
{Li)^)* ~ Li)^, we obtain 

{^,^}(/:) = (4,iZO^-roZO^), £GY^ 
where Z9 = VqZ^. But ■i/'l = on Y^, hence ^Z^ — "^o^^ is orthogonal to all 

Lemma 5.2. For any f E Li)'^ with J ^ Tr / = there exists an L^^-invariant 
function (p and £ G Y^ such that Z^ = f. 
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This lemma implies that 

where a (■) : Lg[J ^ C ■ 1 C LP)^ is some linear operator. 

Then, it is easy to see that only LiS^-component of dip gives contribution in 



(5.6) 



Also it is evident that 



a i^dipj = a (^Ad^(i) j , (5.7) 

where a (■) is a linear operator in Lf)'^ with Ima C C - 1 C Li)^. Substituting ( |5.6| ) 
and into (U) we obtain (|5^).B 

Remark 5.1. Proposition [5^1 shows the following important difference between 



the gig -case and the finite- dimensional cases considered in |T^, |T 



In the g[„-case the diagonal component f° of the r-matrix is given (up to a 
skew- symmetric operator in Un) by the Cayley transformation of hTn, where Tn 
acts in the subspace of diagonal matrices by cyclic permutation of matrix elements 
(see ( \2.1lX )). Obviously, it is impossible to define an analog of t.^ in the Ql^-case. 
It is replaced now by the shift operator s, whose properties are quite different. 
This causes some difficulties. As we shall see below, the operator A = 1 — h s is 
not invertible, its kernel is isomorphic to C{{z^^)). However, ImA = Li)^ (this 
is possible only in the infinite- dimensional case), so we can define a regularized 
operator A~'^ and find a r-matrix satisfying 

We shall now study the properties of A. We define the following subspaces in 
Lf)^ : 



V^^ = {/eL()^:/ = diag(0,*,...)}; 
H^ = {f eLi)>^: f{\) = 0}- 



(5.8) 



U = Kei 1^1- hs 

Below we assume that A 7^ 0. 

Proposition 5.3. 

l.U = {diag (Fo (z) , Fo (q-^z) ,...), Fq (z) G C {{z-^))} 
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2. The restriction of the operator A to 

is a bijection. We shall denote A^^ = [A^yx'\ ^ ; it is given by 

n-l 

{A~'F)^ (^) = - E (^""^) ' = di^g (^) ' ^1 (^) ' • • • ) 

i=0 



n G N. 
(5.9) 



3. = V^^ + A-^U. 

4. With respect to the invariant inner product L\)^ is the orthogonal sum 



the projection operator on U is given by 

1 



X 



(5.10) 



(5.11) 



(obviously, an element ofU is uniquely defined by its 0-th component). 

Proof. Assertions 1, 2 are evident, they result directly from the definition of A. 
To prove 3 suppose that there exists / G fl A^^U. Put / = A^^F; obviously, 
F eU. Assertion 1 and ( ^.9|) imply that {A~^F)^ {z) = —uFq {q'^'^z) and hence 



{A-'F) {X,z) = -XF4q-'z). 



(5.12) 



But (A-^F) = f{X,z) = 0, since / G V^^, hence Fq = 0, and / = 0. So, the 
sum + A^^U is direct. Let us prove that C + A^^U (the inclusion 
D is evident). For / G V^^ we choose F E U defined by its component Fq (z) = 
-i/ (A, q^z) . The ( 1^ ) implies that (/ - A-^F) (A, z) = 0, i.e. f-A-^F G V^^ 
as desired. 

Assertions 2 and 3 imply that the sum (|5.10|) is direct, formula ( 5.11 ) follows 
directly from (|5.12|) . It remains to verify that ImV^-LU. Recall the definition 
of Tr on Lt)^: Tr f (z) = ©/ (A, z) , where Dj (A, z) is an ^g-function uniquely 
defined by ©/ {n, z) = J2'!=o fi (z) . Let / G V^^, g e U. We have 



{Af, 



^-hs) f,g 



dz 
z 

dz 

z 



Tr fg-Tr [ sf 



"i9 



(A,;.). 
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But 



n-1 



D 



Sf- h- 



[n,z) 



i=0 
n-1 

fi (z) [g^ (z) - g-i-i (q^^z)] (because /o = 0) 

n-1 

E (^) {q-'z) - go {q-'-'-'k-'z)] = 



i=0 



as desired. 



Remark 5.2. As above (see remark \273i ), it can be proved that the terms con- 
taining a do not affect the corresponding Poisson bracket. Below we put a = 0. 

Taking this into account, we have the following 



Theorem 5.4. A Poisson bracket on Lgl^ of the form ( (5. 1\ ) admits the gener- 
alized DS-reduction if and only if the corresponding r-matrix Tq is chosen in the 
form 

ro = -i + A-i+(S + f)Pc7, (5.13) 
where B is a skew- symmetric linear operator in U. 

Remark 5.3. The subspace U can be naturally identified with C {{z~^)) (by tak- 
ing the 0-th component Fq {z) of F E U). Hence we may consider the operator B 
as a skew-symmetric linear operator in C {{z'''^)) . 

Proof of theorem \5.4 - It is easy to see that A {LS^^ = V^. Then proposition 
shows that any operator tq satisfying (|5.4|) can be written in the form 



l{^ + h.s) A-' + BVu, 



(5.14) 



where i? is a linear operator, B : U Li)^. The theorem follows directly from 

Proposition 5.5. The skew-symmetry of is equivalent to the following condi- 
tions: 

1 ) ImB C U, 

2) B + I3* = X. 

Proof. The skew-symmetry of tq means that for any f,g G Li)^ 

{rof,g) + {f,rog) = 0. (5.15) 
By proposition |5]^, any / G Li)^ has a unique decomposition of the form 

f = Af + f, feV,\ feu. (5.16) 
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Substituting this in ( p.l5| ) and taking into account that | (^1 + hij A^^ = + 
A^^, we obtain 



(ro/, g) + (/, rog) = h (/, g) + h (/, g) + h {g. f) + h (/, g) 



where 



h{f,g) = -{Af,Ag) + ^f,Ag) + (^Afrg), (5.17) 
l2{f,g) = {f,-g) + {Af,A-'-g) + ^Af,B-g), (5.18) 

hifrg) = -{f,-g) + {A-'frg) + {f,A-'-g) + ^Bfrg) + {f,B-gy5A9) 

RecaUing that A = 1 — h s and h* = hr^ we find 

h{f,g) = {f,g)-{sf,Sg). 

Lemma 5.6. For any f,gE 

(/, g) - (^sf, sgj = - j ^/ (A, z) g (A, z) . 

In our case f,gE i.e. / (A, z) = g (A, z) = 0, hence Ji ^ j = 0, as 
desired. 

Now, the skew-symmetry of ro imphes that both I2 and 1^ are equal to zero. 
The first two terms in ( ^.181) vanish; indeed, taking into account that (^Af, g^ = 
0, we have 

[frg) + {Af\A~'-g) = ^frg) + {Af\A''-g) - (^Af ,g) = h {f,A''g^ = 0. 



Hence, I2 = imphes (^Af, Bg^ = 0, i.e. Im5 ± ImV^^. Then by proposition |0 

Imi? C U, as desired. 

Recall now that by ( pTT^ {A'^f) (A,z) = -A/o {q~^z) , hence 



= h{f,-g) = -{f,g) + {A-'f,g) + {f,A-'g) + ^Bf,gj + ^f,Bg 

= h {A-'f, A-'-g) + (^Bf, -g) + (/, Bg) 

= - 1 ^ (A- VI (A, z) (A-'-g) (A, z) + (^Bf, g) + (/, Bg 

= -A^ j ^/o [q-'z] -go (q-'z) + {b/, g) + (/, Bg 

= -X{f,g) + {Bf,g^ + ^f,Bg 
i.e. B + B* = X.m 
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6. Explicit formula for the quotient bracket and uniqueness 

THEOREM. 

In this section we give an explicit formula for the brackets obtained via DS- 
redaction on the quotient Y^/LN^ which may be identified with the set of q- 
pseudodifference operators of complex degree A. We shall see that only one of 
them satisfies involutivity condition ( p.40| ). This bracket coincides with the one 
constructed in M . 



27n (i 
In q 



In this section we assume that A is generic, i.e. A ^ 

As shown in section 2, the quotient Y^/LN^ may be identified with the set Yq 
of companion matrices, i.e. the matrices of the form 



C 



( -Ui {z) -U2 [z) -Us (z) ... \ 
1 ... 

1 ... 



v 



{z)eC{{z-')). 



J 



(6.1) 



As an affine space Yq is isomorphic to the set Ga of q-pseudodifference operators 
of a complex degree A: 



1^ = {L = D^ + ui {z) D^-^ + U2 {z) D^-^ + ■■■}. (6.2) 



Note also that all 
nC((^-i));so 



i>l 



are isomorphic (as affine spaces) to each other and to 



Yj/LiV^ ^ Yo ~ Ga ~ n 



We fix the following models of the tangent and cotangent spaces of Ga: 

TlGa = {X = XD^ -.XeJ-C , 
TlGx = {f = D-'f -.feJ+C^D,}. 

The canonical pairing between T^Gx and T£Ga is given by 

{XJ)=Tr^nX-f. 



(6.3) 



(6.4) 



The space Fun [Gxj of the smooth functional on Ga is generated by the 
Laurent coefficients u^ of the functions Ui (z) . The left and right gradients of a 



functional ip G Fun 



are defined by the usual formulas: 



V(p (L) = Ld(p, VV = difL, d(p (L) G T;Ga, L G Ga- 

It is easy to see that the left and right gradients contain only integer powers of 
D and therefore may be considered as elements of \I/-Dg. 
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We consider the class of Poisson brackets on G\ of the form 

bPo 

cPo R 



{^,^} = ((( ^ + ^^° )D^,D^)), (6.5) 



where 



vv 



and similarly for Dip, R = \ {P+ " P-) and a, 6, c, d are linear operators in Jq ~ 
C((2;~"'^)) C ^Dq satisfying the skew-symmetry conditions 

a = —a*, d = —d*, c* = b. 

Remark 6.1. Note that for a functional if E Fun (^^x^ 'iis linear gradient dip 

is defined up to an arbitrary element of D~^J(^_y, in ( |6'.5| j we have put D~^dip G 
D-^J+, hut it is a manually imposed restriction. The bracket ( \6. 4 j is said to be 
well-defined if its value does not depend on the D^^. J (^_y components of dip, dip. It 
is easy to see that the bracket is well-defined if and only if 



a + \ + hD-^ = c+{\ + d)D-^ = aTr-, aeC. (6.6) 

Let Vqq be the projection operator on the one-dimensional subspace in U gen- 
erated by the unity matrix, and Vq = Vq — Vqq. 

Theorem 6.1. Let 



(6.7) 

where A is a skew-symmetric operator in U, commuting with h. Let r^''^ = 
|(P+-P-)+ro''>o. 

The Poisson bracket {■, -j^ on Lgl^ defined by 



X 11/ ^X,A 





gives rise via DS-reduction to the following bracket on Gx 



{6.t 





(here we have identified EndU and EndC{{z ^)). ) 

Like to the finite-dimensional case, the corresponding r-matrix may be uniquely 
fixed by imposing, in addition, the involutivity condition: 
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Theorem 6.2. There exists a unique bracket of the form (B7h) on Lq[^ which 

admits DS-reduction and gives rise to a Poisson bracket on Ga satisfying the 
involutivity condition 

a + b = c + d. (6.10) 
This bracket coincides with {■, - jo • 



The proof is similar to the one of theorem |2.11| and wiU be omitted. 

The rest of this section is devoted to the proof of theorem |6.1|. The general idea 



of the proof is similar to the one of [|TT|: both brackets (|6.8| ) and (|6.9| ) considered 
as functions of A are quotients of two ^o-functions; therefore, it is sufficient to 
prove the theorem for all sufficiently large integer X = N. But in this case the DS- 
reduction on Lgl^ amounts to the q-deformed DS-reduction on Lglj^ considered 



in section 2, for which theorem 2.10 gives formula 

Let us define filtrations on the spaces Fun (Y^) and Fun ( Gx j . Recall that 



we have denoted by LSi C Lgl the subspace of matrices which have only i-th 



n-l 



no n- zero diagonal. Let V„ = LSi, let r„ : 

1=0 

and fin = Tn {Fun (V„)) . Obviously, 

fii C ^2 C . . . C fin C . . . C Fun (Yj) 



V„ be the natural projection 
U = Fun (Yj) . 



(6.11) 



Lemma 6.3. For any Poisson bracket of the form ( \6.^ 

— n affine spaces. Let 



As it was noted 



n C((z-^)), let 



i=l 



7„ : n C((-2"^)) n be the natural projection and Wn = 7^ {Fun (M„)) . 

i>l 1=1 

We have 



Wi CW2 C ... cWnC ... C Fun G 



i>l 



Fun G 



(6.12) 



Lemma 6.4. For any Poisson bracket of the form ( \6.[^ 

The proof of the cross-section theorem |4.1| implies that these filtrations are 
consistent with the projection vr : Y^ ^ Ga, i.e. vr* {Wi) C fij. 

Let us choose some functions G Wi, ip G Wj. Let ip = 7r*(p, ijj = 7r*ijj; they 
are defined on Y^ and can be continued to LiV^-invariant functions on the whole 
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LqI^ which will be denoted by the same letters. We need to prove that for any 
L G G\ and some (and then for any) C G vr^^ (L) 

^,^}^(/:) = {^,V^}f (L). (6.13) 

We choose C E n^^ [L] in the companion form (|6.1|). Since '?/'| G fij+j and 
{9?, V'Ia ^ ^i+j ^6 '^^y assume that L G Mj+j. 

Lemma 6.5. // ^6.1^ ) holds for all sufficiently large integer A, then it holds for 
all generic A G C. 

Proof. Since all G\ are isomorphic to each other and to Y\. C((-2^^)), we may 

i>l 

consider {99, if)}^ (L) as a function of variable A. Functionals 93, il) depend only 



on a finite number of Laurent coefficients m", hence from (|6.9| ) it follows that 
{ip, ip}^ (L) is the quotient of two ^o-functions. 

The bracket '?/'| (£) may also be considered as a function of A because 

the set Yq of companion matrices is naturally embedded into Lgl^ for all A G C. 
It is easy to see that this bracket is also the quotient of two ^o-functions. Then 
the lemma follows directly from the interpolation property for ^o-functions (see 
proposition |3.1|). ■ 

Let us fix some X = m > i + j. The subspace C Gm is Poisson (see 



T^). It is naturally identified with the affine space of normalized m-th order 
q-difference operators defined in section 2 which was denoted there by the same 
letter (see (P?^)). The functions ip,ip may be considered as functions on M^. As 
discussed in section 2, the bracket {-, on can be obtained via the ordinary 
q-deformed DS-reduction from LqI^- Let p : Ym — » Y„J LNj^ (m) ~ be the 
corresponding projection, let (^,^ be LNj^ (m)-invariant functions on Lg[„ such 
that (^|Y„ = p*V5, "^AiY™ = P*V'- Theorem |2.1CI| says that 

{^'^}a,™ (L) = M^}f:(L), 

where L G Lgi^ is a companion matrix corresponding to L. Hence, we need to 
prove only that 

|^,V'}^(/:) = {^,V'}^,^(L). (6.14) 

Recall that we have defined an embedding of gl^ into g[g (see (p. 6])); we may 
naturally define a similar embedding for the corresponding loop algebras. As 
above, for an element A G Lq[^ we denote by A\rn its gL^-block. The similar 
notation will be used also for subspaces: for Kg Lq[^ we put 

K\m = {Aim -.yAeK}. 
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The linear gradient dip is defined up to an arbitrary element of Lx\^\ however, 
this freedom does not affect the value of the bracket. We shall assume that 
{d(p), = 0, so 



c/^ G LSk C Lb!!^, 

k=—i 

because (p G fij. For dp we shall also use the assumption {dip)_^_ = 0. 
Lemma 6.6. 

>, V^}^ (£) = (Z^ (L) , (L) - (r-'^) 1^ (L)) . 



(6.15) 



Proof. It is easy to see that 



dlp\m (C) = dp (L) 



(6.16) 



(6.17) 



(this follows from the fact that both in qI^- and in gl^ -cases the gauge action of 
the upper triangular group is free and that the restriction of the gt^-trace to gl^ 
coincides with the ordinary matrix trace). 

Using (|6.15|) , ( |6.17| ) and the evident relation C^rn = L we find by direct com- 
putation that left and right gradients Vi^, V'^ have the form 




and that Vp\m = V^?, ^'p\m = VV- 

Obviously, Z^, Z(p have a similar form; but Z(p is upper-triangular, hence 



Z^ 




(6.18) 



Substituting this into 



we obtain ( |6.16| ). ■ 

On the other hand, by definition. 



(6.19) 
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where 

^ ^^-hTm (6.20) 

(Recall that t/^ = {diag (/o (^) , /o (g^M , • • • , /o (g"^"^-')^)) } = U\m). The 
following lemma finishes our proof: 

Lemma 6.7. 

m,A 



, =rl^. (6.21) 



Proof. The r-matrix r^'^ satisfies the equation 

l(l + hs)f = (l-hs) /, V/ G V^r- (6.22) 

Evidently, the operator hs preserves Lt)^, which is considered as a subspace of 
Lf)*", hence ( |6.22| ) can be restricted to L[)m- 

i(l + /ir^)/= (ro"^'^)^^(l-/ir^)/, V/ G K^, (6.23) 
where = {diag (0, *,...*) c Li)^} , Vm = {V{^)\m ■ Obviously, (r, 



m.A 

^0 



IS 

\m 



ro'^. =7^7^^n + mAVu^^rl^ (6.24) 



skew-symmetric; then, according to lemma p.4| , equation (|6.23|) implies that 

I™ 2 1 — /ix, 

with some A G Endf/m. 

To prove that A = A let us calculate the bilinear form ^ {^^'^^ fi 9 

f,g & Um- For arbitrary / G Um let us denote by / its image under the natural 
embedding Lgl^ —>■ Lgl"^. 
Evidently, 

(fC^), f^a) =(C^/,^),..- (6.25) 

By definition. 



= -I + + fVu + m (ii^n + a) -Pu. (6.26) 
Using explicit formula ( |5.9| ) for we find: 

/, m—l 

C dz „ , , , , m 



2 , ^/o(^)^o(^) = -y(/,^7). (6.27) 
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|m 



indeed, 



ruf) {z 



\=m 



-T {-m) fo {q-Vz) 



(6.28) 



fo {z) . 



The formulas ( |6.27| ) and ( |6.28| ) imply that 



m,A 



\m 



f,9) = {r^'^f,g 



m 



11 + h'' 
2l-h-r 



-V'o + A]f,g 



Recalling that by theorem 

11 + hTrr, 

2TTir^°'^'' 



ml + h"^ 

~^i-h 



(6.29) 



(6.30) 



and comparing with (|09|) we find A = A, as desired. 
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